We formulate a dynamically triangulated model of three-dimensional Lorentzian quantum gravity whose spatial sections are flat two-tori. It is shown that the combinatorics involved in evaluating the one-step propagator (the transfer matrix) is that of a set of vicious walkers on a two-dimensional lattice with periodic boundary conditions and that the entropy of the model scales exponentially with the volume. We also give explicit expressions for the Teichmüller parameters of the spatial slices in terms of the discrete parameters of the 3d triangulations, and reexpress the discretized action in terms of them. The relative simplicity and explicitness of this model make it ideally suited for an analytic study of the conformal-factor cancellation observed previously in Lorentzian dynamical triangulations and of its relation to alternative, reduced phase space quantizations of 3d gravity.
Motivation
The approach of Lorentzian Dynamical Triangulations 1 (LDT) leads to a well-defined regularized path integral for 3d quantum gravity as was shown in [3, 4] . The phase structure of this statistical model of causal random geometries has been investigated by Monte Carlo methods in the genus-zero case, where the two-dimensional spatial slices are spheres [5, 6] . Its maybe most striking feature is the emergence in the continuum limit of a well-defined ground state behaving macroscopically like a three-dimensional universe [5, 7, 8] . This is in contrast with perturbative continuum arguments which suggest that in d ≥ 3 Euclideanized gravitational path integrals are generically illdefined because of a divergence due to the conformal mode. Since a Wick rotation from Lorentzian to Euclidean space-time geometries is part of the evaluation of the regularized state sums in LDT, one might expect to encounter a similar problem here, but this is not what happens. Instead, all indications point to a non-perturbative cancellation between the conformal term in the action (which still has the same structure as in the continuum) and entropy contributions to the state sum (that is, "the measure"). It should also be emphasized that this cancellation is not achieved by any ad hoc manipulations of the path integral, for example, by isolating the conformal mode and Wick-rotating it in a non-standard way (in fact, it is quite impossible to isolate this mode in the non-perturbative setting of LDT). -Further discussions of the conformal-mode problem and its possible non-perturbative resolution can be found in [9, 7] .
It is obviously of great interest to understand in a more explicit and analytic fashion how this cancellation occurs and how it gives rise to an effective Hamiltonian whose ground state is the one seen in the numerical simulations of 3d Lorentzian dynamical triangulations.
Some progress in this direction has been made recently by mapping the threedimensional LDT model to a two-dimensional Hermitian ABAB-matrix model [10, 11] .
This latter model has a second-order phase transition which is absent from the LDT model. This comes about because the matrix model naturally contains generalized geometric configurations which are not allowed in the original quantum gravity model, and which can be interpreted as wormhole geometries. The second-order transition is related to the abundance of such wormholes and the original LDT model corresponds to the weak-gravity phase of the matrix model below the critical value of Newton's constant. 2 Although the mapping to the matrix model has yielded some analytic information about the phase structure of 3d quantum gravity, the explicit transfer matrix has not yet been constructed. This is a desirable goal, because it would lead to a quantum Hamiltonian that among other things could be compared with already existing canonical quantizations of 3d gravity. Also, having a more detailed control over the combinatorics of the triangulated model would be extremely interesting in order to understand the precise cancellation mechanism between the conformal terms in the action and the entropic measure contributions.
In the absence of a solution of the full three-dimensional model, one strategy is to formulate simplified models rich enough to capture the dynamics of 3d gravity but whose combinatorial properties at the same time are sufficiently simple to allow for an explicit solution. There are two types of restrictions one can naturally impose on discretized Lorentzian space-times. The first are restrictions on the allowed spatial geometries (these are two-dimensional simplicial manifolds built from equilateral Euclidean triangles) at integer proper times t, and the second are restrictions on the allowed three-geometries that interpolate between adjacent spatial slices at times t and t + 1. Note that the first type of restriction has a direct influence on the Hilbert space of the system, since the spatial geometries may be thought of as a basis in the position-representation (where "position" here stands for a spatial geometry).
Such restrictions may or may not change the critical properties of the corresponding ensemble of random geometries. In a larger context, a task that still needs to be accomplished is the classification of all possible three-dimensional LDT models according to their critical properties and dynamics as a function of the set of Lorentzian discretized space-times allowed in the state sum. (As already mentioned earlier, one may not only consider imposing restrictions on the class of geometries, but may also allow for generalizations.) In general, one would expect this large number of possible discrete models to fall into only a small number of universality classes. This turned out to be the case in two dimensions, where there are essentially two universality classes, depending on whether one allows space-time to grow so-called "baby-universes" or not [12] (however, see [13] for some "exotic" variations). Of course, three-dimensional models of random geometries have been studied far less, and it is not a priori clear what structures one should expect to find.
A number of "quantum-cosmological" LDT models of 2+1 gravity were considered in [14] , see also the discussion in [7] . There, the number of three-geometries contributing to the path integral was restricted by imposing symmetry constraints, reflecting homogeneity and isotropy properties of space. The space-time topology was fixed to I × T 2 , that is, with toroidal spatial slices. Imposing in addition (discrete) spatial translation invariance fixes the tori at integer-t to be locally flat and Euclidean. The spatial geometries are then completely characterized by three numbers, namely, the torus volume and its (two real) Teichmüller parameters. The reason for why one may still hope to capture the essential dynamical features of 3d quantum gravity this way -despite the drastic reduction in the degrees of freedom -is that canonical continuum considerations suggest that 3d quantum gravity has only a finite number of true physical degrees of freedom (which are precisely the Teichmüller parameters). Note also that the torus case is the simplest choice with non-trivial Teichmüller parameters and also the one which has been most studied in the literature [15] .
In the simplest and most restrictive model of such a torus universe one demands that also the spatial intersections at constant half-integer t should be lattice-translationally invariant [14] (see [16] for related cosmological continuum models). This scenario is most easily implemented by choosing as fundamental building blocks tetrahedra and pyramids; see [17] for a generalization to 3+1 dimensions. Although it is straightforward to work out the combinatorics of all possible interpolating three-geometries between two spatial slices, it turns out that the model does not possess an interesting continuum limit. This has to do with the fact that because of the strong symmetry restrictions there are too few "microstates", that is, too few geometries contributing to the state sum at any given value of the action. More specifically, unlike in 3d LDT without such restrictions, the number of distinct triangulations of a given space-time slice ∆t = 1 (corresponding to a single time step) grows only exponentially ∼ e const. L with the linear size L of the spatial torus. Since this entropy term has to compete with the volume-suppressing exponentiated cosmological term from the Euclideanized action which is of the form e −λ∆t L 2 = e −λ L 2 , the state sum will always be dominated by geometries with effectively one-dimensional spatial slices as the number of tetrahedral building blocks goes to infinity. Any potential continuum limit is therefore unlikely to have anything to do with the original LDT model, and we must conclude that this cosmological model is simply not rich enough to study the conformal-factor cancellation and the effective quantum dynamics of three-dimensional quantum gravity. (For a general discussion of renormalization and continuum limits in dynamical triangulations approaches to gravity see reference [1] .)
In the present piece of work, we will investigate an alternative, less restrictive cosmological LDT model first introduced in [18] . Its spatial two-geometries are still given by flat tori, but the symmetry restrictions on the interpolating space-time geometries are relaxed. We describe this so-called hexagon model in Sec. 2. As usual, a given discretized space-time contributing to the propagator consists of a sequence of layers [t, t + 1]. For the hexagon model, the geometry of each such "sandwich" can be characterized as a tesselation of a regular 2d triangular lattice by coloured rhombi. The two-coloured graph dual to this tesselation is a superposition of two regular hexagonal graphs describing the flat two-tori which form the space-like boundary of the sandwich.
In Sec. 3 we compute the Lorentzian action for a sandwich geometry, together with its Euclidean counterpart.
Our next task is the counting of all possible interpolating sandwich geometries for given torus boundaries. We show in Sec. 4 that the associated combinatorics is that of a set of "vicious walkers" on a 2d lattice with periodic boundary conditions. In the following section, we demonstrate that the contribution ∆S to the action of a single sandwich is already essentially determined by the geometry of the flat tori which form its boundary. Still, there is a large number of microstates for given boundary data, and we prove that their number indeed grows to leading order exponentially with the torus volume, and not just linearly. In Sec. 6 we calculate explicitly the variables describing the flat spatial tori (for each torus, two real Teichmüller parameters and the two-volume) in terms of the data labelling a triangulated space-time sandwich.
Since the latter are a set of discretized variables, it is of interest to see how they sample the usual continuous Teichmüller space of all flat tori. This is illustrated in Sec. 7 by explicitly calculating the Teichmüller parameters for a set of geometries whose volume is smaller than a certain cutoff. We also include a sample plot of the associated moduli space, obtained by factoring out the large diffeomorphisms. Our conclusions are then presented in Sec. 8. -Appendix 1 contains details of the coordinate transformation between the discrete geometric parameters and the torus data, and Appendix 2 an asymptotic evaluation of the vicious-walker combinatorics relevant to the entropy estimate.
The hexagon model
The fundamental three-dimensional building blocks used in this model are (in the language of [4] ) 3-1 tetrahedra, glued together pairwise, 1-3 tetrahedra, also glued together pairwise, and single 2-2 tetrahedra. The numbers i-j indicate that a tetrahedron shares i vertices with the spatial geometry at time t and j vertices with that at time t + 1. As usual, the space-like edges of a tetrahedron all have squared length 1 (or a 2 in units of the lattice spacing a) and the time-like edges squared length −α (or −αa 2 ), where α > 0 is real. The pairing of the 3-1 or 1-3 tetrahedra is obtained by gluing them along a (time-like) triangular face.
The three types of building blocks are illustrated in Fig.1 . Any three-dimensional "sandwich geometry" of height ∆t = 1 we construct from these building blocks can be uniquely described by the intersection pattern that results when the tetrahedra are sliced in half at time t + 1/2 and the time-like triangles that are cut in the process are represented by one-dimensional links. We colour-code the links to distinguish whether As already mentioned, we want to consider only amplitudes between flat two-tori.
For the blue-red intersection picture this means that when the red links are simultaneously shrunk to zero length, what must remain is a regular tiling of a torus by (blue) triangles, where exactly six triangles meet at each vertex (and similarly at time t + 1 when we shrink away the blue links). A systematic way of generating intersection patterns with this property is as follows. Take a rectangular strip of a regular triangular lattice of discrete width l + w and height m, where the units are chosen in such a way that all vertices have integer coordinates 3 (Fig.2) . Let us for the moment take l + w and m to be even, l = 2l ′ , w = 2w ′ , m = 2m ′ , l ′ , w ′ , m ′ ∈ Z + , since this will make it possible to identify the opposite sides of this strip without any twists to create a compact two-torus. (In a more general model, one may also allow for twists in either of these directions.)
This regular lattice is to serve as a "background geometry" which we are going to tile with rhombic 2d building blocks so that no space is left blank. It is immediately clear that the intersections of the double-tetrahedra are blue and red rhombi. The squares that result from cutting the 2-2 tetrahedra will be "distorted" in this representation so that they can fit onto the triangular lattice. Since this can be done in two ways, we have a total of four rhombic tiles at our disposal (Fig.3a) . It will be convenient for The beautiful feature of this representation is the fact that any tiling of the strip (which of course must be compatible with its periodic identifications) automatically leads to in-and out-geometries which are flat, connected tori. The easiest way of seeing this is by following dual links (or pieces of dual links) of a given colour around a closed loop, where the loop must be such that no more lines of the same colour branch off into the loop's interior. Next, consider how this loop is represented in terms of triangles of the same colour which make up one of the adjacent spatial geometries.
The pieces of straight coloured lines coming from the last two building blocks depicted in Fig.3b do not correspond to any triangles at all. By contrast, the first two rhombic tiles correspond to a couple of adjacent triangles each in the relevant spatial geometry at integer t. Since the rhombic tiles can be put onto the triangular "background lattice" at half-integer t only with three possible orientations (see Fig.5 below) , it is clear that any of the loops introduced above corresponds to a sequence of exactly six triangles.
In fact, these two types of rhombi can more properly be represented by dual trivalent graphs which are dual to the individual triangles, as shown in Fig.4 . It is then easy to see that each loop corresponds to a hexagon graph, with six "corners" of 120 degrees each, a property which has given the model its name. Translating this into a statement about the two-geometry, it means that there are six triangles meeting at each vertex, hence the geometry is everywhere flat. Thinking a little further along these lines, one can also convince oneself that it is not possible to obtain a flat triangulation of one colour that consists of two or more disconnected pieces.
Gravitational action and transfer matrix
The first step in constructing a path integral for our model is to determine which sandwich geometries ∆t = 1 can occur and to compute their contribution to the action.
Following [5] , this action can be written as a function of the total numbers N 31 , N 13 and N 22 of tetrahedral building blocks occurring in the slice, namely,
where λ and k denote the bare cosmological and inverse Newton's constants. The positive parameter α appearing in (1) describes the ratio between the squared lengths of the time-like and the space-like edges of the triangulation, l 2 time = −αl 2 space . Since we will evaluate the state sums in the Euclidean sector of the theory, we need to Wickrotate all of our Lorentzian discretized manifolds. As explained in detail in [4] , this is achieved by continuing α through the complex lower half-plane to negative real values.
Let us for simplicity choose the standard value α = −1, so that all edges have the same length. This gives rise to the Euclidean action
Obviously in our model the numbers of building blocks of type (3,1) and (1,3) are always even. Note also that the action (2) contains boundary terms (the discrete analogues of the usual spatial integrals over the extrinsic curvature) in order to make it additive under gluing of subsequent layers of ∆t = 1. The action without boundary contributions has the form
The partition function or propagator for a single time-step after the Wick rotation is given by
where the sum is over all possible sandwich geometries T interpolating between the two spatial boundary geometries g 1 and g 2 , and C(T ) is the order of the symmetry group of the triangulation T . As usual [4] , expression (4) defines the transfer matrix T of the system with respect to the natural scalar product
4 The combinatorics of the intersections To count intersections of a certain type between the right-and left-moving A-lines (important for determining the action) it suffices to look at a fundamental diamondshaped region of d×d vertices -this region will then be repeated lm/2d 2 times throughout the lattice. The B-C-strands may be reintroduced by drawing paths onto the regular dual A-strip. In the figure, we have drawn the path corresponding to the shaded area in Fig.6 .
We may now reintroduce the B-C-strands into this picture by drawing chains of links whose vertices in every row lie exactly in between the dual A-vertices. Starting from the initial row m = 0, we can again follow paths of dual B-or C-links by making at every vertex a choice of moving diagonally up to the left or to the right (Fig.9 ).
More than one dual B-C-chain can pass through any one vertex, and neighbouring chains are allowed to share one or more links, but not to cross, so that their relative position along the l-direction is preserved as we advance in m. (Obviously, to obtain configurations of the type depicted in Fig.6 , each of these paths must be "blown up"
in the horizontal direction to width 2.)
The combinatorics of the B-C-chains can be mapped onto a model of so-called vicious walkers (which are not allowed to touch) with fixed initial and final points, This situation can be viewed as a special case of that of a single random walker in an alcove of an affine Weyl group of dimension w/2 [23] . The reflections of the path at the walls of the Weyl chamber correspond in this case to the collision points of w/2 random walkers that move on a one-dimensional circle. The ensemble of walkers takes simultaneously steps of unit length along the circle, either to the right or the left. Mapping these onto diagonal upward steps on a tilted square lattice and requiring identical initial and final points for each walker on the circle leads exactly to a situation as depicted in Fig. 10. Following [23] , the number of non-intersecting path configurations for w/2 walkers with initial and endpoints λ = (λ 1 , λ 2 , . . . , λ w/2 ), λ i ∈ {0, 2, 4, . . . , l + w − 2}, ordered along the circle so that λ 1 < λ 2 < . . . < λ w/2 , is given by
where t is a w/2-tupel of integers. Note that because of the properties of the binomial coefficients, only a finite number of terms in the sum over t is non-vanishing. The 
corresponding to the independent product of w/2 periodic, free random walks consisting of m steps.
Adding colour and estimating the entropy
The hexagon model possesses a feature that will simplify the (asymptotic) analysis of the propagator. This has to do with the fact that each intersection pattern characterizing a sandwich geometry can be brought to a standard form by using a sequence of moves which affect neither the in-and outgoing 2d torus geometries nor the value of the action (2).
The basic idea is to move all B-C-paths to the far left of the strip. The elementary move necessary to achieve this is the flip of a left-right wedge (an adjacent pair of a dual B-and C-link) to a right-left wedge or vice versa (Fig.11) . Since any B-C-chain has by assumption an equal number of B-and C-links, it can be moved to the left of the strip (where it assumes the form of a zigzag path) by a finite sequence of such (Fig.13) .
To determine the effect on the geometry, one has to consider all possible colourings of the chains passing through the hexagon and how the wedge flip affects the blue and red dual link patterns. The first case is that where all lines have the same colour, say, blue, which implies that the hexagon represents a gluing of six 3-1 tetrahedra. The wedge flip only alters the way in which we mentally divide this set of six tetrahedra into three double-tetrahedra. Obviously this move does not in any way affect the three-geometry, and the geometries before and after the move should not be counted as distinct. However, for all other colour choices (there is a total of six) the threegeometry genuinely changes. As one can easily verify, the wedge flip in all of these cases corresponds to pulling a piece of a red chain (without vertices) across a blue-blue intersection or the other way round. This means that the individual red and blue dual graphs are squeezed and stretched in the process, but remain otherwise completely unaffected, and hence will correspond to the same two-geometries.
Since moreover the number of building blocks of a certain type (3-1, 1-3 or 2-2) does not change under a flip move, we have proved our original assertion that the wedge flip leaves all two-and three-volumes (and hence the action) as well as the Teichmüller parameters of the two-geometries invariant. 5 We recognize here a simplified feature of the hexagon model, compared with the most general dynamically triangulated 3d gravity model [4, 5] , even if we restricted its integer-t slices to be flat tori. Namely, although the toroidal two-geometries forming the spatial boundaries of a space-time sandwich ∆t = 1 by no means fix the three-geometry inbetween the two slices, they determine essentially uniquely the value of the sandwich action S(∆t = 1). In other words, there is a large number of interpolating space-time geometries for given, fixed boundaries, but they all contribute with the same weight e iS .
A main task in solving the model is therefore the computation of the number of distinct interpolating 3-geometries between two adjacent flat two-tori.
Before we can give a precise definition of this combinatorial problem, we still need to specify how we are going to parametrize the colouring of the rhombic intersection pattern. Since we have already shown that any intersection pattern characterizing a three-geometry can be brought to standard form without affecting the individual red and blue torus geometries, we may without loss of generality think of the latter as subgraphs of this standard form. Using the notation introduced above, we will label the uncoloured standard form by three even integers (w, l, m), where w/2 is the number of zigzag B-C-chains on the left (whose individual height is m) and (l, m) is the size of the regular lattice of A-rhombi on the right.
Let us now introduce a colouring by drawing closed dual lines onto this standard form, thereby producing a coloured standard form S. There are obviously w/2 independent vertical lines that can be drawn onto the B-C-columns. We will split them into w 1 /2 blue lines and w 2 /2 ≡ (w − w 1 )/2 red lines. It is clear that the order in which we colour these strands will affect the three-geometry, but not the individual two-geometries or the action. This results in a multiplicity Putting all of these observations together, we can now rewrite the one-step propagator (4) in a more explicit form. Using the essentially unique association (g 1 , g 2 ) ↔ (l, m, w 1 , w 2 , a l , a r ) (c.f. Sec. 6 and Appendix 1), G now takes the form
The numberM (S) counts the distinct strip configurations that can be obtained by applying elementary wedge flips to the coloured standard form S, uniquely described by the six parameters (l, m, w 1 , w 2 , a l , a r ), and the relative order O of their dual coloured lines. (We are regarding configurations that differ by overall translations in the l-and m-direction as equivalent. At any rate, this choice does not affect the remainder of our discussion.)
In view of the discussion in Sec. 1, we are interested in the continuum behaviour of (8) , and in particular how the entropy contributions compete with the kinematical action S eu to result in an effective (continuum) action. The combinatorial part M (S) of (8) is very similar to that of the uncoloured problem described in connection with Fig.10 , but the colour-dependence does now enter in a slightly subtle way. This again has to do with the slight overcounting present in our model (the subdivision of fundamental hexagon regions of one colour) which implies that not all vicious-walker configurations will correspond to distinct three-geometries. How often this occurs depends on both the boundary geometries g i and the relative order O of coloured lines of an individual sandwich geometry. It is clear that the overcounting will be most pronounced when the intersection pattern has very many dual links of one colour and very few of the other, because this will result in many local fundamental hexagon regions of one colour which are insensitive to wedge flips, cf. Fig. 13 .
Let us proceed on the assumption that -at least to leading order -the scaling behaviour of the entropy will not be affected by this overcounting. This is in part justified by the numerical investigations of [5] , where we found that in the continuum limit, neighbouring spatial slices are strongly coupled, in the sense of having a similar total volume. Under this assumption, we can drop the sum over O in (8) , and substitute the combinatorial factor byM = M , where
is the sum over all ordered w/2-tupels of initial conditions λ for a set of random walkers.
We would like to establish the behaviour of M in the limit as (m, l, w) simultaneously become large 6 . This is not completely straightforward, since according to (6) each b is a sum of terms that can be both positive and negative.
For the purposes of this paper we will concentrate on establishing the leading divergent behaviour of M ; we hope to return to the full analytic solution of the model in the near future. Is it the case that the leading behaviour is given by exp(c spatial volume), for some positive constant c? As explained earlier, this is needed for obtaining truly extended geometries in the continuum limit and a necessary prerequisite for a conformal-factor cancellation. The continuum limit that has been considered in most of the literature on vicious walkers is that in which both the width and the length of the lattice become large, but not the number of walkers. In this case one typically finds for the number N of walker configurations N = 2 number of walkers ×number of steps × (subleading terms).
This is precisely the type of scaling behaviour we are looking for, but not the physical situation we are interested in, since the paths here are "diluted" (even though their initial and final points may lie close together).
A scenario of more immediate interest to us is again that considered by Forrester we already cited earlier [22] , who treats the case of N equally spaced walkers on a lattice of width µ with initial conditions λ i = iν, i = 1, ..., N , so that ν = µ/N is the average distance between the walkers' paths. However, it should be noted that his class of path configurations is larger than ours: although he also considers periodic boundary conditions in the m-direction, an individual walker's path is not required to close on itself after m steps, but may wind around the lattice several times before doing so. Such paths of higher winding number (an example is shown in Fig. 7) we excluded explicitly from our current model. The evaluation of the combinatorics of this more general case turns out to be easier because it involves determinants of cyclic matrices, which can be simplified. For even m, ν and odd N the number of vicious-walker configurations is given by [22] 
However, it is easy to see that the overcounting involved in (11) does not alter the leading behaviour for large N and m compared to our more restricted case. Namely, we can divide the path configurations counted by (11) into different sectors, depending on the lateral displacement ∆ = λ f inal −λ initial of the initial and final point of each walker.
We have ∆ max = ±m, with the largest contribution to N F coming from configurations with ∆ = 0 (corresponding exactly to the path configurations with winding number 1 we are counting in the hexagon model). The asymptotics of (11) is much easier to handle, since the right-hand side is a product of sums over positive terms. We show in Appendix 2 that the leading divergence for N, m → ∞ and fixed ν > 2 is given by
Coming back to the combinatorics of the function M , note that for a given lattice width and number of walkers there are
terms contributing to the sum (9), corresponding to all possible initial conditions for the walkers. Since this number grows at most exponentially in length (as opposed to volume), the leading behaviour will coincide with that of the largest term in the sum, which is roughly speaking that of the configuration(s) where the walkers are maximally distributed (i.e. spaced out in the m-direction) over the available space and therefore get least in the way of each other.
We can identify their average distance with the spacing ν appearing in Forrester's formulas. (Strictly speaking, ν is of course an (even) integer, but we do not expect this to play a role in the continuum limit.) We may therefore conclude that for an average spacing ν ≡ (l + w)/w, and in the limit as m, l, w → ∞, the number of vicious-walker configurations behaves to leading order like
where c(ν) is a constant of order 2, which appeared in (12) . This shows that the hexagon model of three-dimensional quantum gravity has indeed enough entropy, compared with more restricted cosmological models that were studied previously.
Teichmüller parameters for triangulated tori
Our next task will be to relate the parameters (l, m, w 1 , w 2 , a l , a r ), introduced in the previous section to label a standard coloured three-geometry, to the variables describing the two spatial boundaries of that geometry. In this way we will achieve a clean separation of the geometric in-and out-data g 1 and g 2 appearing as arguments of the amplitude G, and make contact with the standard parametrization of two-dimensional flat tori.
It is a well-known fact that in the continuum any flat torus geometry g can be characterized by three numbers (v, τ 1 , τ 2 ), where v is the two-volume (in our case proportional to the number of triangles that make up the torus) and the τ j are the two real
Teichmüller parameters. 7 We would like to compute the geometric data (v (i) , τ
2 ), i = 1, 2, for the individual two-tori from the parameters (l, m, w 1 , w 2 , a l , a r ).
Recall that the numbers of blue, red and blue-red rhombi at time t + 1/2 is given by N 31 /2, N 13 /2 and N 22 respectively. The first two numbers give us directly the discrete two-volumes of the spatial slices at times t and t + 1, namely, v (1) = N 31 and v (2) = N 13 . (In order to obtain the volume in terms of the lattice spacing a, one needs to multiply with the volume of a Euclidean triangle, which is a 2 √ 3/4.) Taking into account the considerations of Sec. 4 on the division of the A-lattice into fundamental regions, one derives for these numbers the expressions
In order to determine the Teichmüller parameters for the tori, we will identify An intersection pattern at time t + 1/2 gives rise to a blue triangulation at time t and a red triangulation at time t + 1. We also show the two vectors V 1 and V 2 representing the closed geodesics of winding number (1,0) and (0,1) for both of these geometries.
Let us look at a simple example in order to illustrate this procedure. 
2 , one finds in terms of the discrete units inherited from the (l, m)-coordinate system at t + 1/2
Translating this into absolute units, one finds
where a again denotes the lattice spacing. The two vectors V
characterizing the red triangulation at time t + 1 are obtained by substituting a l , a r , w 1 in (16) by
Note that the relations (16) imply the inequalities
As is shown in Appendix 1, the coordinate transformation between the six variables (l, m, w 1 , w 2 , a l /d, a r /d) and the components of the vectors V
′(i)
j , subject to the constraints V ′(2)
is one-to-one. It is straightforward to compute the SO(2)-rotation
which aligns the vector V
with the τ
1 -axis. One finds
where L (1) denotes the length of the vector V
The corresponding expressions for cos φ (2) , sin φ (2) , L (2) are obtained by substituting
We still have to rescale all lengths by a factor 1/L (1) so that the rotated vector V ′(1) 1 assumes length 1. Applying then both the rotation (19) , (20) and this rescaling to the vector V ′ (1) 2 , we can read off directly the dimensionless Teichmüller parameters τ (1) i . Collecting the geometric data describing uniquely the blue torus at time t, we have finally
The map between the independent vector components V ′(k) i,j (or, equivalently, the sandwich variables (l, m, w 1 , w 2 , a l /d, a r /d)) and the (v (k) , τ (k) ) is in general two-to-one (see
Appendix 1).
One may also wish to reexpress the action in terms of these torus parameters.
Because the transformation to these parameters is not bijective, this can only be done modulo a sign ambiguity. One first writes the counting variables N ij as functions of the two-vectors V ′(k) and then in turn expresses the latter as functions of the torus parameters. Details of these calculations can again be found in Appendix 1. The explicit form for the sandwich action S eu (S) = S eu (v (1) , τ (1) , v (2) , τ (2) ) is given by (2) , with
− Ω (τ
1 ) 2 + (τ
2 ) 2 − (τ
2 )
The function
can be expressed in terms of the (v (k) , τ (k) ) only up to a sign, namely, as the positive and negative square-root of
The resulting action has a feature that may at first seem puzzling. Let us think of the exponentiated action for fixed boundary geometries as a matrix element (c.f.
equation (5)),
Usually this kinematical "transfer matrix" can be written ast = e −aĥ = 1−aĥ+O(a 2 ), whereĥ denotes the discrete, kinematical Hamilton operator of the system 8 , and where we have reintroduced the discrete unit ∆t = a for a single time step.
For such an expansion to exist, in the limit of small ∆t the configuration variables at a neighbouring spatial slice should always be expressible as v(t + a) ≃ v(t) + av, τ (t + a) ≃ τ (t) + aτ . However, looking at the explicit formulas for τ (representing the variable τ 1 at two adjacent spatial slices) as functions of a l and a r , one sees that they always have opposite signs. It is therefore kinematically impossible to set them equal unless they both vanish (or, equivalently, a l = a r ). This can be traced back to the fact that a natural "pairing" between two neighbouring spatial geometries From this point of view, a more natural elementary time unit in our model consists of two time steps, a feature that has also been observed in other discrete models of 2+1 gravity [24] . In addition, one might be interested in the configuration space obtained from Teichmüller space by identifying points that differ by the action of "large diffeomorphisms"
(the so-called moduli space), i.e. those two-dimensional transformations that do not lie in the connected component of the diffeomorphism group of the torus. There are different suggestions of how these transformations should be incorporated into the quantum theory of 3d gravity, whether as exact invariances, as symmetries with a unitary action, or possibly not at all (see [25] for further discussions). We will not take any particular viewpoint here, apart from remarking that quotienting out by large diffeomorphisms usually leads to additional complications in the quantum theory .
In order to determine the modulus of a given Teichmüller parameter τ = τ 1 + iτ 2 , we have to map it by a sequence of modular transformations (27) (the generators of the mapping class group of the torus) to a point in a fundamental region ⊂ T , usually taken to be the "keyhole region" defined by −1/2 ≤ τ 1 ≤ 1/2 and |τ | 2 ≡ τ 2 1 + τ 2 2 ≥ 1. To get a qualitative idea of the nature of the discrete sampling of these two spaces, we have set up a small program that generates all values of (v, τ ) that occur for sandwich geometries with parameters 0 ≤ l, m, w ≤ 10 (and with the lattice cutoff a set to 1). This is easy to implement, but does not quite amount to a systematic bound on the total space-time volume (which is proportional to V = (l + w)m). The range of V is between 4 and 200. Geometries with one or two vanishing spatial volumes v (i) were not allowed.
We show in Fig.16 a sequence 
Conclusions
We have introduced a dynamically triangulated model of three-dimensional Lorentzian quantum gravity whose spatial slices at integer times are flat two-tori. As we have shown, this symmetry restriction simplifies an exact analysis considerably: the spatial slices (and therefore the associated states of the Hilbert space) are labelled by just three parameters -two Teichmüller parameters and a global "conformal factor" -and the evaluation of the model's entropy is related to that of a set of vicious walkers, which is a rather well-studied combinatorial problem.
It should be pointed out that our model is not a "minisuperspace model" in the usual sense of the word ("reduce classically and then quantize"), since the spatial slices at non-integer t are in general not translationally invariant. Therefore, more geometric degrees of freedom contribute to the superposition of space-time histories in the path integral than is obvious from the integer-t slices. (In this sense it is related in spirit to recently studied cosmological models in canonical loop quantum gravity, where also part of the reduction occurs only at the quantum level, see, for example, [27] .) As we already explained in Sec. 1, the conditions on the space-time geometries cannot be too stringent in dynamically triangulated formulations of quantum gravity, in order to have a sufficiently large entropy and a potentially interesting continuum limit 9 .
Crucially, we could show that the hexagon model does have enough entropy in the sense that the number of triangulations of a sandwich ∆t = 1 with given boundaries to leading order scales exponentially with the volume of the slice. We also exhibited explicitly how the discrete triangulation data can be translated into the more familiar parametrization of the flat two-tori in terms of Teichmüller (or moduli) variables.
All of these properties give rise to the hope that the hexagon model will provide a link between the LDT formulation of three-dimensional quantum gravity and alternative, reduced phase space quantizations. On the one hand there is a good chance it will lie in the same universality class as the full dynamically triangulated model (after all, the degrees of freedom we got rid of by working with flat spatial slices are those of the local conformal mode, which are known to be unphysical), and on the other hand the parametrization of the Hilbert space and the quantum Hamiltonian will be close to that of the canonical formulations.
What remains to be analyzed is the precise nature of the continuum limit of the hexagon model. What is the subleading asymptotic behaviour of the state sum? Can we reconfirm our earlier conclusion [5, 6, 10] One may wonder how we can hope to make much analytical progress in the investigation of a three-dimensional statistical model. Firstly, the answer is of course that pure gravity is a very special type of theory in three dimensions, which is known to possess only a finite number of global metric degrees of freedom. Secondly, as we have shown, an essential part of the combinatorics of the hexagon model's transfer matrix is that of a two-dimensional problem of vicious walkers, about which a number of analytic results are already available. In summary, we think that a further investigation of this model is a promising avenue to pursue, both to advance our understanding of dynamically triangulated models and their continuum limits, and to achieve some degree of unification among the existing and rather disparate approaches to three-dimensional quantum gravity.
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Appendix 1
In this appendix we give some details of the coordinate transformations used in the main text in Sec.6. As a first step, we give the transformation law from (an independent subset of) the combinatorial parameters describing the discretized space-time slices to the dimensionful vectorial quantitites V ′ . Taking into account the identites w 1 +w 2 = w, 
These relations can be verified using the transformation laws (28) from the independent variables (l, m, w 1 , w 2 , a l /d, a r /d) to the vectorial quantities V ′ .
It is more involved to express the components of the two-vectors V ′(i) j in terms of the torus parameters, subject to the constraints (18) . We need to invert the relations
This gives rise to certain algebraic expressions for the independent vector components 
where Ω was already defined earlier in (24) . Substituting the vector components into the equations (30), one obtains the expressions (23) given in the main text. The fact that this coordinate transformation is not bijective finds its expression in the fact that there are two regions in "V-space" where J has opposite signs, and which are separated by the hypermanifold defined by Ω = 0. In geometric terms, this comes about because for two pairs of two-vectors {V ) 1 ) which satisfy the constraints (18) on the vector components, as well as the inequalities (17) .
Note that this does not imply that if one of these V-configurations can be realized as a three-dimensional triangulation (i.e. corresponds to suitable discrete values of (l, m, w 1 , w 2 , a l /d, a r /d)) that the other one of the pair can too. In fact, this is in general not the case.
Appendix 2
In this appendix we determine the leading asymptotic behaviour of the combinatorics of a set of equally spaced vicious walkers on a lattice with torus topology, as quoted in Sec. 5 of the main text. Following [22] , the number of configurations of N vicious walkers whose initial and final coordinates are equally spaced at a distance ν and who walk for m steps is given by 
where m and ν are assumed even and N odd. The width of the lattice is therefore µ = νN and its height is m. We are interested in the asymptotic behaviour of (33) as m and N become both large. Assuming that ν > 2, let us for some given p consider the corresponding sum over b on the right-hand side. It is clear that for large m, this will be dominated by the term with the largest absolute value of the cosine. 
where we have already dropped terms that do not scale exponentially with the volume.
Next, let us make an estimate of the product in the square bracket for large N . Since for all N the argument of the cosine lies in the interval [0, π/ν] and since for large N we have
the leading asymptotic behaviour of N F is given by
For ν = 2, a direct evaluation of (33) leads to
which is independent of N . This happens because at ν = 2 the walkers are "densely packed" and can only move in unison, effectively behaving like a single random walker.
